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Abstract 

We study the half-BPS mesonic chiral ring of the Af = 1 superconformal quiver the- 
ories arising from TV" D3-branes stacked at Y pq and L abc Calabi-Yau conical singularities. 
We map each gauge invariant operator represented on the quiver as an irreducible loop 
adjoint at some node, to an invariant monomial, modulo relations, in the gauged linear 
sigma model describing the corresponding bulk geometry. This map enables us to write a 
partition function at finite iV over mesonic half-BPS states. It agrees with the bulk gravity 
interpretation of chiral ring states as cohomologically trivial giant gravitons. The quiver 
theories for L aba , which have singular base geometries, contain extra operators not counted 
by the naive bulk partition function. These extra operators have a natural interpretation 
in terms of twisted states localized at the orbifold-like singularities in the bulk. 
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1 Introduction 

It is of considerable interest to explore strong coupling gauge theory dynamics, especially in cases 
of reduced super symmetry. In particular, supersymmetric (BPS) states are frequently subject 
to non-renormalization theorems and calculations done at weak coupling in gauge theory can 
be extrapolated to arbitrary coupling. If the gauge theory has an AdS/CFT dual, then these 
calculations can be matched to corresponding calculations done at strong coupling in the gravity 
dual. Various families of nontrivial supersymmetric J\f—1 gauge theories are obtained by placing 
D3-branes at nontrivial supersymmetric conical singularities beginning with e.g. [HEJE], giving 
rise under appropriate decoupling limits to families of AdS/CFT dualities, involving Sasaki- 
Einstein 5-metrics. More recently, the discovery of new explicit Sasaki-Einstein 5-metrics [I] 
has sparked the identification of new families of AdS/CFT dualities [5j El [7J (H [9] , featuring J\f=l 
superconformal quiver gauge theories obtained from D3-branes stacked at the tips of families of 
toric Calabi-Yau cones. This has been developed further in e.g. [10J [TTJ [121 121 HH H3 EE El 
EHICES]. 

The |-BPS spectrum of these gauge theories contains "mesonic" operators, which have trans- 
parent dual interpretations in terms of D3-brane giant or dual giant gravitons [20] propagating 
in the dual bulk AdS^, x X 5 spacetime, X 5 being the Sasaki-Einstein space in question. In a 
sense, the question of understanding these states is similar to that of understanding the §-BPS 
spectrum of the maximally supersymmetric J\f=4 SYM theory. In this context, it was shown in 
[21] that D3-branes (with no worldvolume gauge field or fermion excitations) wrapping surfaces 
in S 5 defined by the intersections with S 5 of the zero sets of arbitrary holomorphic functions 
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in C 3 (thought of as a cone over S 5 ) are |-BPS classical giant gravitons in AdS§ x S 5 . The 
quantization of these classical solutions was discussed in [22], and studied more elaborately in 
[25] . where the gauge theory partition function over |-BPS states obtained in [24] (see also [23] ) 
was recovered. This provides evidence that the quantization of BPS solutions gives a sensible 
subspace of super symmetric states of the full Hilbert space. The partition function of [24] can 
also be recovered by studying |-BPS dual giant gravitons [2B], rendering further support for 
duality between giants and dual giants. In the class of theories we consider here, the Sasaki- 
Einstein space X 5 has a non-contractible 3-cycle, a feature absent in e.g. the 5-sphere S 5 . This 
gives rise to "baryonic" operators in the gauge theory, dual to giant gravitons corresponding to 
D3-branes wrapped on the 3-cycle. The quantization of these baryons was studied in [22] in the 
context of the conifold. 

The study of the BPS spectrum in the context of the Af—1 theories obtained from D3-branes 
on Calabi-Yau cones has been developed further by the plethystic program of [271 12H], (see also 
[29] for A/"=2 theories) as well as [30] (who in particular study baryons). The mesonic BPS 
spectrum has also been studied using dual giants in [31], [32]. 

In this paper, we present a slightly different field theory approach to studying the BPS 
spectrum in these M=l theories, preliminary results of which were reported in [33]. This is 
based on the fact that the geometries in question are toric, admitting descriptions in terms of 
gauged linear sigma models (GLSMs) [31] (developed further for toric varieties by [33]). We map 
the chiral ring of gauge invariant mesonic operators in the gauge theory represented as irreducible 
(closed) loops based at any one node on the quiver to a basis set of invariant monomials (modulo 
relations) in the corresponding GLSM (Sec. [3]). We find a minimal generating basis for the chiral 
ring using the F-term equations of motion in the quiver to eliminate redundancies. This field 
theory analysis is closely tied to the holomorphic quotient construction of the geometry, which 
describes the toric variety as a set of invariant monomials satisfying relations. Since the basis 
set of invariant monomials generates the ring of holomorphic functions on the toric variety, this 
enables us to write out the partition function over |-BPS mesonic states in the gauge theory, thus 
agreeing with their interpretation in terms of giant gravitons propagating in the bulk AdS^ x 
spacetime. From the bulk point of view, generalizing [21], the set of cohomologically trivial giant 
gravitons in these theories (restricting first to smooth base geometries) is simply given by the 
intersection with the base of arbitrary holomorphic functions on the toric variety defined by 
the Calabi-Yau cone over the base: these can be described using the GLSM, which provides a 
natural (equivalent) symplectic quotient description of the geometry. Our procedure suggests a 
correspondence between the underlying coordinates of the geometry/GLSM and bifundamentals 
in the quiver, which is useful in studying baryonic operators using open paths on the quiver: 
these baryons are D3-branes wrapped non-trivially on the noncontractible 3-cycle in the base. 
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We hope to report further progress on this later [32] ■ We also study L abc s with singular base 
geometries (Sec. HJ). In this case, we find that there are extra operators in the quiver theory 
which cannot be generated by the analogs of the irreducible loop generators in the quiver. 
These extra operators correspond to the singular loci in the base geometries, suggesting a bulk 
interpretation for these operators in terms of localized or twisted giant gravitons, analogous to 
twisted closed string states localized at orbifold singularities. The bulk partition function above 
specialized to these singular spaces does not capture these localized giant gravitons: it would 
be interesting to develop a deeper understanding of these states, with possible generalizations 

of [21]. 



2 The L abc geometries 

Several nonspherical horizon generalizations of the AdS/CFT correspondence appeared in [3J, 
whose authors constructed gauge theory duals for D-branes at various nontrivial singularities by 
starting with a known orbifold quiver [2HJ [I] theory and turning on appropriate Fayet-Iliopoulos 
parameters to flow down to the gauge theories in question. In principle such techniques may be 
used to "derive" the Af=l quiver gauge theory duals on the classes of toric Calabi-Yau conical 
singularities we discuss here. These involve bulk AdS$ x Lf' spacetimes with N units of five 
form flux, the Lf' being the Sasaki-Einstein base manifolds for the L a ' b,c singularities, specified 
by three positive integers (a,b,c), as we discuss below. The quiver gauge theory duals arising 
on D-branes located at the singular tips of the cones can be described explicitly, as in [H] who 
construct them using brane tiling and toric geometry techniques. 

Now we describe the L abc geometries in greater detail. Consider a 2-dimensional (2, 2) world- 
sheet supersymmetric gauged linear sigma model (GLSM) [3H [35] (with zero Fayet-Iliopoulos 
parameter) with four chiral superfields z% and a single £7(1) gauge field with gauge transforma- 
tions given by a charge matrix Q 

Q = (a b —c —d), a,b,c,d>0, ^ Qj — , 

i 

zi — > e lQia Zi , with real a . (1) 

The low energy dynamics of this 2-dimensional field theory is a sigma model on a (noncompact) 
Calabi Yau space that may be thought of as the submanifold 

E^N 2 = oj/Mi) , (2) 

which, in the GLSM, is the D-term equation modulo the U(l) gauge equivalence. This is the 
symplectic quotient description of these spaces. 
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We can also describe these spaces via a holomorphic quotient construction, in general describ- 
ing the space as a collection of monomial relations^. Let F represent the union of the surfaces 
z a = Zb = and z c = — 0. Let C* represent the complexified £7(1) gauge action Zi — > \ Qt Zi 
where A G C* is an arbitrary complex number. Then the Calabi-Yau space is described as 
the toric variety C ^~ F , where F is the excluded set. The equivalence of this description with 
that of the previous paragraph may be demonstrated by fixing the real part of the C* gauge 
invariance — > \® l Zi for real A) and solving (j2J). The simplest such singularity is of course 
the super symmetric conifold, Q — ( 1 1 —1 —1), with a basis of gauge invariant monomials 
given by X\ = z a z c , = z a Zd, £3 = ZbZ c , £4 = ZbZd, as we have seen earlier. These satisfy the 
relation X1X4 = X2X3 , which describes the conifold as a 3-complex dimensional hypersurface 
in C 4 [xj]. In general, the L abc spaces are not complete intersections of hypersurfaces, i.e. the 
number of variables minus the number of equations is not equal to the (complex) dimension, i.e. 
3, of the space. For example, the singularity Q = ( 1 3 —2 —2 ), which is the space Y 21 , has 
a monomial basis x\ = z 2 z c , X2 = z^Zd, X3 = z 2 z 3 , x^ = z 2 z d , x$ = z a ZbZ c z d ,XQ = z a ZbZ 2 , xj = 

ZaZbZj, x$ = zfz 2 Zd, xg = z 2 z c z\. One can check that there are at least 9 relations here x\x± = 
3 2 2 

X2X3, X1X4 — X5X7, ^2^3 — ^1^3 — %Qi X2X4 — Xy, XgXg — X3X4, XqXj — X\Xg — X2XQ. 

We now return to the symplectic quotient description. Consider the intersection of our 
Calabi Yau space with the 7-sphere YliQi\ z i\ 2 = 7,2 * n < ^- i - At r = 1, the 5 real dimensional 
space so obtained is, by definition, the Sasaki-Einstein space L abc . The metric on the Calabi Yau 

space takes the form ds 2 = dr 2 + r 2 ds 2 bc . In other words the Calabi Yau space is a cone whose 

^5 

base is the Sasaki-Einstein manifold c . As c 7^ S 5 , the tip of this cone is singular. From 
the GLSM point of view, the full space described as the symplectic quotient at the singular 
point {a|2 a | 2 + b\z b \ 2 = c\z c \ 2 + d\zd\ 2 } / /U(l), can be understood as a cone over a 5D base by 
looking at a cross section of the cone at some finite distance from the singularity (zj = 0,Vi), 
i.e. a\z a \ 2 + b\z b \ 2 + c\z c \ 2 + d\z d \ 2 = 1, which is a squashed or ellipsoidal S 7 . This then gives 

ja|z a | 2 + b\z b \ 2 = c\z c \ 2 + d\z d \ 2 = \\//U{l) , (3) 

so that the base is {S 3 x S 3 }/U(l), with S 3 denoting an ellipsoidal S* 3 , the U(l) acting with the 
charge matrix Qi given in (pQ). The £7(1) quotienting then gives for the base space, fibrations 
involving Lens spaces 5* 3 /r with appropriate discrete groups T. For instance, the coordinate 
patch where z a 7^ is gauge fixed to be real admits a residual gauge symmetry Z a acting on the 
space giving rise to discrete identifications on Zb, z c , Zd- Then the Zb part of the space gives a P 1 
alongwith with a Lens space S 3 /Z, a with identifications (z c ,Zd) (e 27TC ^ a z c ,e 2nd ^ a Zd). There are 

^ome aspects of the geometry are discussed in [37] . which studies the dynamics of unstable nonsupersym- 
mctric conifold-like singularities described by GLSMs with charge matrix Q = ( ni — ^3 — H4 ). The 

L abc s and Y pg s are the supersymmetric subclass (YJ- Qi — 0) in these. 
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similar descriptions on the other coordinate patches 7^ 0. See also Sec. @]for various aspects 
of the geometry, in particular involving singularities on the base. 

2.1 Dual quivers for the L abc geometries 

We now describe some essential features of the L abc quiver theories, mainly reviewing their 
construction in terms of brane tilings [9j. The gauge dual to the geometry AdS§ x L abc is a 
quiver gauge theory in which all gauge groups are SU(N). The global symmetry of the theory 
is U(l)p 1 x U(1)f 2 x U{\)b x U{1)r. The £7(1)^ are flavour symmetries and the U{1)b and 
U(1)r are baryon and R-symmetries respectively. The number of fields in the gauge theory is 
given by: 

N g = a + b N f = a + 3b (4) 

where N g is the number of gauge groups i.e. the number of nodes in the quiver diagram, and Nf 
is the number of bifundamental chiral fields, i.e. the number of lines in the quiver. There are 
four classes of chiral bifundamentals. We call these classes Y, Z, U\,Ui- There are two additional 
classes of fields Vi,V2- Fields in a class share the same Baryon, Flavour and R-charges. The 
multiplicity of fields in each class is 

mult[Y] = b mult[Z] = a mult\U\\ = d mult\U^ = c mult[Vi] = b — c m-u/tfV^] = c — a , 

(5) 

i.e. there are b distinct fields of type Y carrying the same charges and so on. 

There are 2b terms in the superpotential. A table listing all charges and multiplicities of 
each kind of field is found in [9]. There are 4 distinct types of nodes in the quiver: 

A = U l YV 1 ■ U l YV 1 B = V 2 YV 1 -U l YU 2 C = YZ-U 1 U 2 D = U 2 YV 2 ■ U 2 YV 2 (6) 
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Figure 2: The tiling for a general Y pq space 

This notation means that at a B node for example, there are three bifundamentals, of type 
V2, Y, Vi coming in and three bifundamentals of type Ui, Y, U2 going out or vice- versa. 
Calling the multiplicity of each type of node in the diagram (ua, ^b, n c , n D ), we have 

ric = 2a , tib + 2ua = 2(6 — c) , tib + 2t2d = 2(c — a) , (7) 

as relations among these positive integers. These relations do not completely fix the quiver. 
For most values of (a, 6, c), there is a line of solutions to these equations, with different gauge 
theories lying on this line related by Seiberg duality. 

We can think instead of four tiles associated with these nodes and draw a brane tiling for 
the theory. The number of type C tiles will be nc/2. The other types occur UA,ns and Ud 
times. Since there are only 4 kinds of tiles, there are only three kinds of terms 

YU 1 ZU 2 , YU 1 V 1 , YU2V2 , (8) 

in the superpotential, the sign of each term given by the associated brane tiling [T21 E] • 

To extract the superpotential from the tiling, we colour the vertices in the brane tiling in 
alternating black or white. The terms in the superpotential are given by drawing clockwise 
loops around white nodes and anticlockwise loops around black nodes, contracting the fields on 
the edges crossed by the loop in the order determined by the colour of the node and assigning a 
minus sign to say black nodes and a positive sign to white nodes. See e.g. Figured] for a picture 
of the brane tiling for the space L 195 (= Y 54 ) and the associated quiver. 

3 Y pq quiver theories 

The Calabi-Yau cones Y pq with p, q coprime with p > q are a smooth subclass of the L abc 
geometries [5]. They are given by taking: 

Q = (a, 6, -c, —d) = (p - q,P + q, —p, —p) , p,q > coprime , (9) 
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Y 1,0 being the conifold. The conditions on the number of nodes in the quiver for these Y pq 
geometries are 

n c = 2{p - q) , n B + 2n A = 2q , n B + 2n D = 2q . (10) 

Thus we can choose n A = n B = so that we have only C nodes and B nodes, giving nc = 2(p—q) 
and riB = 2q. The tiling for the gauge theory corresponding to Y pq is shown in Figure [2j These 
theories have wheel-like quiver diagrams (see FigureHJfor the quiver for Y 9A ). The superpotential 
W in this case has 2(p + q) terms which can be read off the nodes of the tiling. The links in 
the quiver with one arrow represent single bifundamental fields, while the links with k arrows 
represent k fields that are bifundamentals under the same two gauge groups. The multiplicities 
of the quiver fields are 

mult[Y] = p + q , mult[Z] = p — q , mult[Ui\ = mult^JJ-^ = p , mult\V\\ = maifjV^] = q ■ 

(11) 

In what follows, we discuss mesonic branches of the classical chiral ring of these Y pq quiver 
theories. In principle, our methods here should apply equally well to smooth L ahc geometries^ 
that may be distinct from the Y pq s which are a smooth subclass. 



3.1 Mesonic sector of the chiral ring 

In the gauge theory, the structure of the moduli space (defined by the equations of motion, 
dW = 0) allows us to map a basis of gauge invariant commuting adjoint operators represented 
as irreducible loops (based at any one node) on the quiver to a basis set of 2p + 5 invariant 
monomials in the GLSM. Then the chiral ring§ of gauge invariant mesonic operators on the 
moduli space precisely reproduces the geometry of the singularity described as a toric variety 
in terms of invariant monomials satisfying relations. This is a natural generalization of the 
realization of the geometry of e.g. orbifold singularities from the moduli spaces of D-brane 
quiver theories [251 EE] B- The structure of this map has built into it the following correspondence 
between the underlying variables of the geometry/GLSM and bifundamentals in the quiver 

Y ~ z a = a , Z ~ z b = b , V x ~ z b z d = bd , 

Ui ~ z c = c , U 2 ~ z d = d , V 2 ~ z b z c = be . (12) 

2 An L abc geometry has a smooth base if each of a, b is coprime with each of c, d: Sec. |4] discusses this 
smoothness criterion of the L abc s in greater detail. 

3 See e.g. [38] for a general discussion of chiral rings in A/"=l theories. 

4 In the course of writing this paper, we came across |391l40j . who use similar techniques in the context of the 
del Pezzo surfaces dP 1,2 . 
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Figure 3: The quiver for the supersymmetric conifold 



We use this to identify quiver loops and GLSM monomials (we have for notational convenience, 
used a, b, c, d, for the GLSM fields and will continue to do so in what follows). As it stands, this 
is a many-to-one map, consistent with the baryon charges in the gauge theory mapping to the 
U(l) charges in the GLSM. 

We will first quickly review the familiar conifold [21 [3] from this point of view. The quiver 
in this case is shown in Figure [3j the theory has bifundamentals Ai in the (N, N) and Bj in the 
(N,N) of the SU(N) x SU(N) gauge group. The superpotential is W = § e ij e kl tr A l B k A J B i . 
The four equations of motion diW = are of the form A\B\A 2 = A2B1A1. We define four gauge 
invariant operators x k = AiBj, which can be identified with the four irreducible closed loops 
on the quiver starting at the right node. Then we see using the equations of motion that these 
commute and satisfy the relation X\X^ = X2X3, which is the familiar equation of the conifold 
as a hypersurface in C 4 [xj]. In what follows, we will use essentially similar methods in the Y pq 
theories, where the incomplete intersection nature of the geometry makes the story somewhat 
more complicated. 

We begin by discussing the GLSM and associated toric description for these geometries, first 
constructing a list of the invariant monomials modulo relations characterizing these geometries 
as toric varieties. There are 2p + 5 invariant monomials in the GLSM 



abed , abc 2 , abd 2 , a p c {p - q) ~ k d k , ¥> c {p+q) ~ l d l , k = 0...p-q , l = Q...p + q, (13) 



where k\ + k 2 = h + h + ^3 = n and Z 3 = or 1. 

Now let us move onto the quiver theory. Using the map (1121) between the quiver gauge 
fields and GLSM fields, we can easily identify the invariant loops on the quiver. We label the 
nodes on the general Y pq quiver as Bl, . . . , B2q, CI, . . . , C2(p — q) going around in the clockwise 



with some of the relations between these monomials being 



(abc 2 ) (abd 2 ) 



(abed) 2 

(ab) p c 2p - n d n = (abc 2 ) h (abd 2 ) l2 (abcd) h \ 
(a p c i - p - q)+2 - k d k ^ 2 )(abd 2 ) = (a p c {p - q)+l - k d k - l )(abcd) 
(b p c {p+q)+2 - k d k - 2 )(abd 2 ) = (Wc^ +q)+l - k d k - l )(abcd) 



(a p c {p - q) ' kl d kl ) (Wd 




(14) 
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Figure 4: The quiver for Y' 



direction. The generators are identified as follows: 

Y C2{p-q)B2V B 2 B1 U B 'l C2{p ^ q) (15) 

^ / C2(p- I? )B2^ / B2B45 / B4B6 • • • ^(2q-2)B(2g)XB2gC3^C3C2^2C5^C5C4^C'4C7 • • • 
1 2 

tC2(p-q-l)BlU B \ C2{p _ q) 
1 2 

Zc2(p- q )C2(p-q)-lU^ 2{p _ (l) _ 1C2ip _ q) _ 2 Zc2(p- q )-2C2(p-q)-3 ■ ■ ■ 

7 TT^' 2 T/ 1 ' 2 7T 1 ' 2 T/ 1,2 T/ 1,2 7T 1 ' 2 

■ J C2C\V CXB2q v B2qB2q-l u B2q-lB2q-2 v B2q-2B2q-3 ■ ■ ■ v B2B1 U BlC2{p-q) 

These operators are in a sense the obvious generators: a set of triangles at the node C2{p — q), 
a set of loops going clockwise and another going anticlockwise around the wheel. 

Now we explain how these operators generate all possible paths on the quiver diagram. The 
F equations generated by differentiating the superpotential with respect to Us and Vs along 
the outside of the wheel set neighboring UVY triangles or UZVY squares equal to each other. 
But drawing paths on the wheel, we can go around the wheel in the clockwise direction or 
anticlockwise direction or insert triangles and squares. But the F equations allow us to move all 
the squares and triangles around to the triangles on the C2(p — q) node and we are left with a 
path written as a product of the generators above. For a more rigorous analysis, see section 13.21 
where the case Y 32 is worked out in detail. The F equations obtained by differentiating with 
respect to the Y fields restrict the number of generators so that the generators in the quiver 
theory are in one-to-one correspondence with the invariants in the GLSM. 

For convenience in exploiting the equations of motion, we label these by a concise notation 
as follows. First we suppress explicitly labeling the fields including their multiplicities (as in 
Figured]): for example, both Yci,bi an d Y mm are labeled Y with the understanding that the 



abed, abc 2 , abd 2 

a P c (P-l)-k d k 

l)P c (p+q)-k d k 



9 



specific field will be clear from the context. Then the set of generating loops (operators) is 



Yll , Y12 , Y21 , Y22 , Y q+1 1Y1Y . . . Y 1 , Y q+1 1Y2Y . . . Y2 , etc 
Z1Z.. . 1Z 11 11 11 11 1 , Z1Z...2Z 21 11 11 11 1 , etc , 



(16) 



where the last set of gauge invariant loops is a potentially large list of operators. However there 
are several equations of motion for the various fields. 

The action of these F term constraints on the generators is simple in this notation. For 
instance from any of the Ys excepting Ybibi, we have equations of the form V\U\ = V^L^- Thus 
using the above notation, for two neighbouring fields we have 11 = 22. Similarly the other 
equations of motion imply that for two fields separated by a Y or a Z we have 1Z2 = 2Z1 
and 1Y2 = 2Y1. These F-term equations cut down the number of distinct loops (operators) so 
that an arbitrary loop (operator) can be generated by a basis of loops, which is precisely the 
set of invariant monomials in the GLSM. Overall, it can be shown that there are three linearly 
independent triangle generators, p—q+1 clockwise loops Y q+1 . . . andp+g+1 anticlockwise loops 
Z . . .. Thus the independent generators in the quiver theory are in one-to-one correspondence 
with the invariants in the GLSM. 

The generators in the quiver also commute with each other. We show the commutation of 

— 12 — — 

the triangles, denoting Y 13 = Y and as 1 or 2. 



So we have [712, 721] = 0. The other triangle operators commute in a similar manner. 

Suppose we multiply triangle x loop, where by loop we mean one of the clockwise or 
anticlockwise loops generators listed above. The F equations allow us to move the triangle 
around from the beginning of the loop to the end, so that we have [ triangle , loop } = 0. 

Finally if we multiply clockwise x anticlockwise, we will have a triangle where the two 
paths connect. As we move this triangle anticlockwise around the wheel, we collect more and 
more triangles, so that we can write this operator as a product of triangles: clockwise x 
anticlockwise = triangle 13 , where by triangle p we schematically represent the product of 
various triangle operators. We can also write anticlockwise x clockwise = triangle p and we 
can show that we can take the same triangles to occur in both expressions. Therefore the loop 
generators also commute. 

The generators in the quiver theory also satisfy the same relations as the invariants of the 
GLSM. We have shown above the relation satisfied by the triangles. We have also explained how 
the relation clockwise x anticlockwise = triangle 13 comes about. These relations correspond 



712721 = Y1Y221 = 717111 = (711) 2 
721712 = F2F112 = Y2Y222 = (Y22) 2 = (Yll) 2 



(17) 
(18) 
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to the relations (HM in the GLSM. The relations loop x triangle = loop' x triangle' also 
follow from the F term equations. 

We see that the quiver gauge theory contains a set of commuting gauge invariant operators, 
represented as irreducible loops at a single node, that are in one-to-one correspondence with 
the r(= 2p + 5) invariant monomials in the GLSM, and satisfy the same relations as the GLSM 
invariants (section 13.21 describes this explicitly for the Y 32 case). For an SU(N) N9 theory, 
these r commuting operators are complex matrices that can be upper-triangulated by a gauge 
transformation^. All gauge invariant functions of an upper-triangular matrix are symmetrized 
functions of the eigenvalues alone. Thus the quiver moduli space reproduces the geometry of the 
Calabi-Yau cone (or more precisely the symmetric product of N copies of the Calabi-Yau cone, 
for iV branes) J§ enabling us to recover the mesonic chiral ring of the gauge theory. With a view 
to doing this, consider first a U(l) Ng theory. The partition function over mesonic BPS states, 
using the state-operator map, counts "words" generated by the 2p + 5 invariant monomials Wj 
in the GLSM 

/2p+5 \ / 4 \ 

* = E n»? - E IR • < 19 > 

mj \j=l / Ei "iQi=° \* =1 / 

The last expression here, involving the Z{, written in terms of the GLSM variables defining 
the toric variety, is equivalent to that in terms of the Wj given by the holomorphic quotient. 
Replacing the Zj by bosonic creation operators a\, we see that this is the partition function 
for a 4D (bosonic) harmonic oscillator with the constraint Yli n iQi — 0- Since gauge invariant 
operators of the SU(N) Na theory are symmetrized functions of the eigenvalues, the Hilbert space 
for this theory is a symmetric product of N copies of that of the U{l) Na theory. The partition 
function is then that of N bosons in a 4D harmonic oscillator potential with the constraint 
n^Qi — 0, and is given by the coefficient of p N in 

Z = II i-pe-E^a ■ (20) 

This partition function has appeared in [27]. 

We now make a few comments on the bulk point of view. The carry the charges of the 
fields Y, Z, Ui, U2 respectively. Thus the chiral ring of a Y pq quiver theory can be interpreted as 
the set of all holomorphic functions in C 4 which are invariant under the U(l) action Zi —>■ e l ® ia Zi. 

5 At generic points in moduli space, where all eigenvalues of all r matrices are distinct, we can simultaneously 
diagonalize these matrices. However the matrices are complex and may not be diagonalizable if some eigenvalues 
are repeated. 

6 As an aside, we note that this can be regarded as a consistency check of the brane tiling techniques used [9] 
to construct the L abc quiver theories. 
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Figure 5: The quiver and brane tiling for Y 32 



For any such function f(zi), setting f{zj) = gives a holomorphic divisor of the Calabi-Yau 
cone. The corresponding giant graviton is then given by the intersection of this surface with 
the base, generalizing [2TJ. We have thus recovered in f[2"Ul) the bulk partition function over all 
such cohomologically trivial, i.e. mesonic, giant gravitons propagating in the bulk AdS§ x L^ bc 
spacetime. The fact that the gauge theory partition function agrees with that obtained from 
the bulk suggests a non-renormalization theorem for these BPS states. 

In what follows we describe in detail the example Y 32 . Similar analyses can be performed 
for other L abc spaces with smooth base 5-geometries, as well as other spaces obtained from e.g. 
C 3 /1jn singularities (which are also toric), and perhaps more generally. 

3.2 An example: Y 32 

In this section, we illustrate explicitly the Y 32 theory, defined by Q = (1,5,-3,-3). The 
2p + 5 = 11 invariants here are 

abed abc 2 abd 2 

a 3 c a 3 d (21) 
b 3 c b b 3 c 4 d b 3 c 3 d 2 b 3 c 2 d 3 b 3 cd 4 b 3 d 5 

The resulting quiver and brane tiling are shown in Figure The superpotential is given by: 

W = Y 32 U 20 Z 05 U^ 3 — Y 32 U 2 Z 05 U^ 3 

+Y 01 V? 2 U 2 2 - YoiVMo + Y 24 Ul 1 Vl 2 - Y 24 Ul 1 V^ 2 (22) 

+^13^^41 ~ ^13^34^ + Y^Ul 3 V 3 \ - Y ib Ul 3 V 3 \ 

Each term here is a triangular or square loop on the quiver diagram. Every edge in the quiver 
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Figure 6: The basis of irreducible loops in the Y 32 quiver, based at node 0. 

appears in two such loops which appear with opposite sign in the superpotential. This makes 
the constraints |^ = 0, for any field X in the quiver, easy to identify on the quiver diagram. 

Every closed path on this quiver (i.e. every single trace gauge singlet) may be deformed 
using the F-term constraints so that it touches the C node labelled 0. We will consider the set 
of paths on the quiver diagram based (i.e. starting and ending) at the node 0. We will show 
that all such operators and therefore all single trace operators in the chiral ring are generated 
by products of the operators shown in Figure [6j 

First one may use the equations of motion to show that the independent loops of Fig- 
ure [6] are in 1-to-l correspondence with the invariants in the GLSM. There are four triangular 
paths YqiV^U^q , but the J^- = constraint sets V^U^q = V 2 2 U 2 so there are three inde- 
pendent triangles. These three paths correspond to the invariants abed, abc 2 and abd 2 in the 
GLSM. The two "hourglass" -like operators Voi^is^s^f correspond to the invariants a 3 c and 
a 3 d in the GLSM. Finally, since the lower indices are all fixed, denote the "rabbit"-like oper- 
ators Zq^uI^V^UI^V^UIq using only the upper indices as a sequence of five Is or 2s as in 
Zlllll, Z12111 etc. Using the equations of motion ^ = 0, we may remove any adjacent 2s in 
an operator for example, 11221 = 11111. We can also shift 2s by 2 places using the equations of 
motion, so 12111 = 12221 = 11121. Thus there are only six inequivalent independent operators 
of this form 

Z21111 = Z11211 = Z11112 , Zlllll , Z12111 = Z11121 , 

Z21211 = Z21112 = Z11212 , Z12121 , Z21212 , (23) 

and they correspond to the six invariants b 3 c 5 ~ k d k , k = 0, . . . , 5 in the GLSM. So the full list of 
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Figure 7: Decomposing loops of the Y 32 quiver beginning with Y01V12 • • • into its irreducible 
loops. 



Figure 8: Decomposing loops of the Y 32 quiver beginning with loi^i3 • • • into its irreducible 
loops. 

adjoint operators we are considering is: Yll, Y12, Y21, YYY1, YYY2, and 6 operators of the 
form Zlllll, Z12111, etc. This set is in 1-to-l correspondence with the GLSM invariants. 
Generators 

Now we will show that all adjoints at node are generated by products of these 11 generating 
loops. The superscripts will not be important for this argument, so we will ignore them. Any 
operator, A, adjoint at node must begin with either Yq% or Z05 since these are the only two 
outgoing links at node 0. These links must be similarly followed by similar outgoing links at 
either node 1 or node 5 respectively, and so on through all nodes in the loop, until the loop 
closes and returns to node 0. We will try to construct an operator that cannot be reduced to 
generators. 

We first consider operators beginning with Yqi and illustrate our argument in Figure [7J 

Suppose A begins with Yoi^^k If we next insert C/41 then we have Yqi V12Y24U41 = 

(101^12^20)^01 using the J^- = equation, which is a generator times another loop. So 
to generate something that cannot be reduced, we must insert Y45U53 next. But this yields 
YoiVi 2 Y2iY i5 U 53 which can be reduced to Y iV 1 2Y 2 4U i iY 13 using the = equation. But 
we just saw that if we leave node 4 along £7 41 , then the operator can be reduced using the 
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Figure 9: Decomposing loops of the Y 32 quiver beginning with Z05U53 . . . into its irreducible 
loops. 

constraints. Thus if A begins with 101^12^24, then it can be reduced. 

Next, we suppose A begins with loi^i3 • • • and illustrate our argument in Figure [H If we 
leave node 3 along V34 then we have loi^i3^34 = ^01^12^24 by the = equations. This 
brings us back to the consideration of the previous paragraph, so instead we insert Y32 and then 
Y24 since 101^13^32^20 is one of the generators shown in Figure El Then after inserting Y" 24 , we 
have ^01^13^32^24 and we have arrived at node 4. Now if we leave node 4 along {7 41 , then we 
can use the J^- = equation to reduce the path to generators: 

5^)1^13^32^24^41 = (^01^13^32^20)^01 (24) 

If instead we leave node 4 along I45 to be followed by t/53 2 , then we can use the = 

12 12 

equation to replace the Y^U^ by U 4 [ F13: 

^Ol^lS^^^^S = ^1^13^32^24^41^13 (25) 

and we have just seen that this can be reduced. 

These arguments have shown that every loop beginning with Y m can be reduced to the product 
of one of our 11 generators and some other loop. Similar considerations, which are illustrated in 
Figure\Qshow that every operator beginning with Z^U^ . . ., may also be reduced to the product of 
one of the generators and some other loop. Now iterating the results in the previous paragraph 
shows that all paths adjoint at the C node can be reduced to a product of the generators 
shown in Figure El 

Commutation and GLSM relations 

We will now show that the 11 generators satisfy the same relations as the invariants in the 
GLSM and that they commute. Consider first the triangular generators shown in Figure [6j The 
correspondence with the GLSM is: 

abc 2 ~ Y21 , abd 2 ~ Y12 , abed ~ Fll = Y22 . (26) 
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Then using the J^rj = equation and the ^ = equations, and denoting F 2 4 by Y and U±{ 
by 1 and 2, we have: 

F21F12 = Y2Y 112 = F2F222 = F22F22 , 

F12F21 = F1F221 = FlFlll = F11F11 = F22F22 , (27) 

so that [F21,F12] = and F21F12 = (Fll) 2 corresponding to abc 2 abd 2 = (abed) 2 . Also: 

F21Y11 = Y2Y 111 = F2F221 = F22F21 = Y11Y21 , 

F12F22 = F1F222 = F1Y112 = F11Y12 = F22F12 . (28) 

So we also have [Y21, Yll] = \Y12, Yll] = 0, i.e. the triangular generators commute and satisfy 
their GLSM relations. 

Now we consider commutation between the triangular and hourglass shaped generators 
shown in Figure El We start with 

(Y 01 Y 13 Y 32 U2 )(Y 01 V? 2 U* ) . (29) 
If b = c, then use the F-term constraints to set a = c. Now proceed: 

(^01^13^32^2o) (^01^12^20) = ^01^13^32^20^05^53^32^20 (^0) 

where b is the opposite of b. Now use the = and the J^- = equations to cyclically 
permute the label a to the final position. Then we can show that 

^1^13^32^20^05^53^32^20 = (^1^12^20 ) (^01^13^32^2o) (^1) 

so that [Vqi ^13^32^20; ^01^12^20] = 0- So the hourglass and triangular generators commute. 

Next we consider the commutation relations of the hourglass generators and the rabbit 
generators involving Z05: 

ZKUgvjfugvgutf (32) 

We will use the ^ = and ^ = constraints here and since they preserve the upper indices of 
the Us and V^s (except the equations from U20 and C/53), we will allow the lower index structure 
to be understood. 

The F-term constraints imply the following relations for a,b, . . . ,g taking values 1 or 2: 

ZabcdeYfg = ZabYcdefg = ZaYbZcdefg = YdbZcdefg , (33) 

If fg = 21 and ab = 12, then we obtain the commutation relations for the operators correspond- 
ing to [b 3 d 5 ~ k c k , abc 2 } = for k = 2, . . . , 5 in the GLSM. eg: 

(Z12111)(F21) = (F21)(Z11121) . (34) 
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Similarly if we take fg = 12 and ab = 21, then we obtain the relations [b 3 d 5 ~ k c k , abd 2 ] = for 
k = 0, . . . , 3 in the GLSM. Using these relations and (133]) we can show that the relations 
corresponding to [b 3 d 4 c,abc 2 ] = and [b 3 d 5 ,abc 2 ] = follow. The commutation relations 
corresponding to [b 3 d 5 ~ k c k , abd 2 ] = follow in the same manner by using ( 1331 as above. 

Setting fg = 11 and ab = 11 gives the relations corresponding to [b 3 d 5 ~ k c k ,abcd] = for 
k — 1, . . . ,4 in the GLSM and the two remaining commutation relations here follow as before 
by using commutation relations we have already proved: 

(Z12121)(yil) = (Y21)(Z12111) = (Z12111)(Y21) = (F11)(Z12121) (35) 

We have thus shown that all rabbit-like generators commute with all triangular generators. 

Certain relations from the GLSM can be recovered in gauge theory by using (133]) . If we 
let fg = 12, and ab = 12, then we obtain the four relations corresponding in the GLSM to 
(b 3 d 5 ~ k c k )(abd 2 ) = (abc 2 )(b 3 d 7 ~ k c k ~ 2 ). Letting instead fg = 11 and ab = 12,21, we obtain 10 
more relations corresponding to (b 3 d 5 ~ k c k )(abd 2 ) = (b 3 d 6 ~ k c k ~ 1 )(abcd) and (b 3 d 5 ~ k c k )(abc 2 ) = 
(b 3 d 4 ~ k c k+1 )(abcd) in the GLSM. 

Finally we consider the commutation relations of the hourglass operators and the rabbit like 
operators. Letting indices of the Y fields be understood and denoting the hourglass operators 
as Y 3 1 and Y 3 2, we can use the F-term constraints to show that 

(Y 3 f)(Zabcde) = (Z fabcd){Y 3 e) . (36) 

Setting a = e gives 10 of the hourglass-rabbit commutation relations and the remaining two 
commutation relations follow from these and previous relations. So all hourglasses commute 
with all rabbits. 

The relations, corresponding to the 9 GLSM relations (b 3 d 5 ~ k c k )(a 3 c) = (abc 2 ) Ll (abd 2 ) 12 (abed) 13 
where h + l 2 + h = 3 and to the 9 relations (b 3 d 5 ~ k c k )(a 3 d) = (abc 2 ) h (abd 2 ) l2 (abcd) h where 
^i + h + ^3 = 3 also now follow. So the generators in the gauge theory reproduce the the GLSM 
invariants and all their relations exactly. 



4 Singularities in L 

In this section, we will describe aspects of L abc theories that have singular base 5-geometries. 
This happens if either of a, b has common factors with either of c, d, as mentioned briefly earlier. 

To see these singularities in the geometry ((see also [37]), we represent the full cone as a 
quotient <^ as {a|-2 a | 2 + b\z\,\ 2 = c\z c \ 2 + d\z d \ 2 } //U(l). The orbit of the U(l) gauge symmetry, 
with action (z a , z b , z c , zj) — > (e md z a , e M Zb, e~ tcd z c , e~ tdd z d ), is an S* 1 which is covered once for 
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Figure 10: The 3- dimensional toric fan for the singularity Qi, defined by lattice points e,. Also 
shown is the plane containing the for the singular case L a,b,a . 

9 G (0, 2tt) in the region where all Zi are nonzero. But on surfaces where some of the = 0, the 
S 1 may be wrapped more than once. For example, suppose that gcd(a, c) = h. The U(l) action 
on the surface z b = z d = 0, given by a\z a \ 2 = c\z c \ 2 , is (z a , 0, z c , 0) — ► (e lklhe z a , 0, e~ lk2he z c , 0) 
where a = k\h and c = k 2 h. Then as 9 goes from to 2tt, we wrap around the S 1 h times. So 
we have a Z^ orbifold singularity extending in the whole z^ — Z4 — plane. 

The fact that we are dealing with toric singularities is useful, in particular in recovering 
the above conditions on the singularities of the base. The singularity ([TJ) is represented by a 
toric cone in an integral N lattice defined by four lattice points satisfying £\ Q^i = (see 
Figure [10]). The ej are coplanar (see e.g. [37]) iff ^ = 0, i.e. a + b = c + d, in which 
case these are super symmetric cones. Then the may be written in the form = (l,Wi) so 
that we can draw the four vectors on a 2-plane. This is not unique since applying an SL(3, Z) 
transformation to the vectors e« yields a cone describing the same geometry: a representation 
for the ti is (suppressing the third coordinate) 

e 4 = (0,0), ei = (l,0), e 2 = (-a/,c), e 3 = (ah, b) , (37) 

where k, I are two integers satisfying bl + ck = 1 (we assume b, c are coprime). The total N 
lattice volume of the cone is V cone = a + b (= c + d), giving the number of gauge groups N g in 
the quiver. A toric cone of volume V cone > 1 is singulai0, so that there are a + b subcones in 
the interior of the cone: subdividing by lattice points either in the interior of the cone or on 
the "walls" (faces) gives a + b subcones each of volume V su b CO ne = 1, a complete resolution 
representing a smooth space. 

The fan encodes information on when the singularity is isolated (pointlike). The singularity 
(fjp) is isolated, i.e. the base space X is smooth, if the toric fan does not contain any lattice 
points on its walls [JT] (see also [37] in the context of these conifold-like singularities). This is 
algebraically equivalent to the condition that each of a, b is coprime with each of c, d. It is easy 

7 See e.g. [37] for discussions on the relevance of these N lattice volumes and resolution of singularities in the 
context of nonsupersymmetric conifold-like singularities with closed string tachyons. 
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Figure 11: The quiver for L 



to illustrate this if one of the a, 6, c, d, say 6 = 1. Then from the fan, we see that there are no 
lattice points on the {e 2 , e^} wall if a, c are coprime: if there is a common factor h, then we 
can construct the h — 1 lattice points \ [ke 2 + (h — k)e^], k = 1, . . . , h — 1, which lie on the 
{e 2 , e^} wall. These correspond to the h — 1 twisted sector states of the Zh orbifold singularity 
described earlier. Similarly, there are no lattice points on the {e 2 , 63} wall if a, 1 — c are coprime, 
i. e. a is coprime with d = a + 1 — c. Doing this more generally shows that these are exactly the 
conditions we saw earlier for the orbifold singularities in the geometry. 

4.1 L aba 

This family of geometries is given by Q = ( a b —a —b ), with a, b coprime: in this case, 
a basis of invariant monomials is x± = z a z c , x 2 = z^z 1 ^, x 3 = z^z^., x 4 = z b z d , satisfying 
the relation x\x\ = X2X3. The toric cone for the geometries L aba is defined by the vectors 
Si = {(0,0) , (1,0) , (0, a) , (1,6)} (see Figure [TO]) . The lattice points on the faces of the cone 
reflect the fact that these spaces are singular on the base. 

We consider here L aba with gcd(a, b) = 1. This is a singular geometry with two orbifold 
singularities of order a and b. The quiver diagram of the gauge theory is circular with 2a type 
C nodes and (b — a) type A nodes (see Figures [HI IT21) . For our purposes, the charges of the 
fields will not be important, so we will label the fields on the quiver as {A, A, B, B, C,C, . . .} 
and Vi on node i if is a type A node. We consider L 232 as an example. The general case is an 
obvious extension. We chose four adjoint generators at C\. 

x = AA y = EE s = ABODE t = EDCBA (38) 

The commutation relations follow as in the non-singular cases: 

xs = AAABCDE = ABVCDE = ABCDDDE = ABCDEAA = sx (39) 

These four commuting adjoints at C\ generate all gauge invariants passing through C\ satisfying 
the F-term constraints. We can also see that these four adjoints satisfy x 2 y 3 = st: 

x 2 y 3 = {AAf(EE) 3 = AAAB{BB) 2 BA = ABV(BB) 2 BA = ABVC(CC)CbA (40) 
= ABCDDCCBA = ABCDEEDCbA = st (41) 
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Figure 12: The quiver for L 



aba 



These four generators reproduce the geometry completely, up to complex structure, but they 
do not generate all gauge invariant states of the gauge theory. Any path that touches three 
nodes and at least two neighboring C nodes, can be moved around the graph using the F-term 
constraints, until it touches C\. Therefore, all such paths are generated by the four adjoints 
x, y, s, t. Any path touching A nodes, but not touching two neighboring C nodes can be moved to 
the loop wrapping only AA by using the constraints. This path touches C\ and is also generated 
by the adjoints x, y, s,t. Paths that touch only 2 C nodes, however, cannot be deformed at all 
using the constraints, so we must count these operators separately. 

The single trace gauge invariants are counted by traces of words made from x, y, s, t satisfying 
x 2 y 3 = st and the additional singlets w ni = (CC) ni , u n2 = (DD) n2 , v ns = (V) n:i . 

In the general L aba theory, with gcd(a, b) = 1, paths touching C\ are all generated by the 
four adjoints x, y, s, t satisfying a constraint x b y a = st, where x is the loop connecting C\ to A±, 
y is the loop between C\ and C 2 and s, t are the loops around the whole graph in each direction. 
To demonstrate this relation, we label the lines before the i th gauge group as Ai,Ai, and label 
the lines between C nodes as Co, . . . , C 2 ( a -i)- Then we start with a set of loops at G\ and we 
move them around the circle in the clockwise direction. We have: 

(^ 1 A 1 ) b (C C ) a = A 1 (A l A 1 ) b - 1 V 1 a A 1 = A 1 A 2 (A 2 A 2 ) b ~ 2 A 2 V 1 a A 1 
= A x A 2 (A 2 A 2 ) b - 2 V 2 a A 2 A x 

= A\A 2 . . . Afe_ a Ab_ a+ i(Ab_ a+ i^4b_ a+ i) a_1 Ab^ a+ iVb_ a Ab- a ■ • • A 2 Ai 

= A\A 2 . . . A6_ a A5_ a+ i(C 2 ( a _ 1 )C , 2( a _i)) 2a ^ 1 A -a+lAb-a ■ ■ ■ A 2 A\ 

= A\A 2 . . . A 6 _ A 6 _ a+1 C 2 ( (a _i)C 2 ( _ 1 )_ 1 ... C 

• Co . . . C2(a-l)-lC2( a -l)Ab-a+lAb^ a . . . A 2 A\ 

The generators x, y, s, t do not generate all gauge invariant operators. We must also count the 
singlets u l n = (CjCj)™ where i = 1,2, . . . 2(a — 1) corresponding to CC loops. Finally, given 
any path involving Vi, we can always remove Vi from the path by using the F-term constraint 
equations if Vi is contracted with any other line. So the only words including Vi which we must 
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count are the singlets v\ = tr V { k , i — 1, ... 6 — a. 

There are N g — 2 extra singlet operators which are not generated by x, y, s, t. These are 
uj l n = (CiCi) n , where % = 1, 2, ... , 2(a — 1) and v l k = trVf, i = 1, . . . , 6 — a. The toric fan 
shows a — 1 + 6 — 1 = N g — 2 lattice points on the faces, corresponding to N g — 2 orbifold-like 
singularities, as we have described earlier. Thus we would expect that these extra operators in 
the gauge theory may be interpreted in the bulk as N g — 2 twisted sector closed string states. 
L aba has two orbifold-like singularities of order a and b respectively. These singularities have 
complex dimension one and twisted sector states in the bulk are restricted to move on these 
singularity planes. In other words, we expect such states to rotate only in this plane (i.e. angular 
momentum only normal to the plane): thus the charges of the twisted sector states associated 
to the Zi normal to the singularity plane should be zero. Further, the charges associated to the 
Zi covering the singularity plane should be given by the order of the orbifold singularity. In the 
gauge theory we have a — 1 CC type operators of the form YU\ and a — 1 of the form ZU2- 
This reproduces the spectrum of twisted states, with charges given in Table [H 



Table 1: L \ charges of operators 



Field 


Charge 


Multiplicity 


Vi 


(0,6,0,-6) 


6 — a 


zu 2 


(0,6,0, -6) 


a — 1 


TO 


(a, 0, —a, 0) 


a — 1 



The partition function over g-BPS states will include these localized or twisted sector closed 
string states propagating in AdS§ x X 5 . It is clear from the discussion here that the partition 
function of the chiral ring will factor into the form: 

ZbpS — ZggZ twist (42) 

where Z gg is the partition function appearing in (120]) and Z twist is the partition function over 
the twisted states. Since tr V i N+l is related to traces of lower powers by trace relations, we have 
exactly N independent harmonic oscillators, tr V { k , k = 1 . . . N, for each i, giving 

b-a N 

z ^=UUy-^ (43) 

i=l n =l « 

where Vi carries the charges of Vi. 

It is interesting to wonder whether the whole chiral ring partition function might be recovered 
from a single bulk giant graviton quantization. In this context it is natural to imagine that 
twisted states with energies of order N or higher puff up into D3-branes, analogous to giant 
gravitons, suggesting a generalization of [21] to include these localized giant gravitons. 
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5 Discussion 



We have obtained the mesonic chiral ring partition function in M=l theories arising on the 
worldvolumes of D3-branes stacked at Y pq , L abc Calabi-Yau conical singularities. This agrees 
with their bulk interpretation as cohomologically trivial giant gravitons, suggesting a non- 
renormalization theorem for |-BPS states in these theories. The quiver theories for L aba , with 
singular base geometries, contain extra operators not counted by the naive bulk partition func- 
tion: these have a natural interpretation in terms of twisted states localized at the orbifold-like 
singularities in the bulk. It would be interesting to understand possible giant graviton interpre- 
tations of these localized states, possibly generalizing [2~T] . 

Our field theory techniques should apply to other quiver theories, such as those arising from 
D3-branes at C 3 /T orbifold singularities (which are also toric), and perhaps more generally. The 
preliminary results of [32] suggest that our approach generalizes to baryonic operators in the 
quiver, corresponding to D3-brane giant gravitons wrapped on the non-contractible 3-cycle in 
the bulk. 

It is worth mentioning that the counting problem addressed here shows agreement between 
the weak and strong coupling calculations even for large numbers of D3-brane giant gravitons. 
This suggests an underlying topological structure to the Af—1 chiral ring, preserved under the 
backreaction of the giant gravitons. For large numbers of giant gravitons, it would of course 
seem natural to cross over to a supergravity description, generalizing LLM [33] to geometries 
with L abc asymptotics: see [33] for some recent progress in this context. Quantization of the 
LLM solutions reproduced the large N spectrum of 1/2 BPS operators in M = 4 SYM [45], [3S] 
and a similar quantization of LLM type solutions in L abc spaces might be expected to reproduce 
the large N limit of the chiral ring partition functions in this paper. It would also be interesting 
to generalize the approach of [3Z] to shed light on matrix models and the emergence of geometry 
in the context of the M=l theories considered here. 
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